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PREFACE 


The study of Integral Calculus is difficult enough. This 
subject has reached its modern form asa result of mutual 
interlacing of large number of highly hetrogeneous concept. 


However, the fundamental concept of Integral Calculus 
(even according to ancient concepts) is the notion of the limit 
of the sum of an indefinitely increasing number of limitlessly 
diminishing terms, which is very simple and natural. It can be 
mastered without much efforts. 


This concept is found very useful in solving series of 
important problems of geometry and physics and assimilating 
the idea of limit more deeply. In a sense, this - concept, 
therefore, serves as an important toolin the study of higher 
mathematics. 


In the present text an account has been given of the above 
concept and its application to various concrete problems. The 
material contained in this text forms a supplementary and 
enlarged treatment of the lectures which I extensively delivered 
at various courses. 


April 13, 1953. 
Leningrad. I. Natanson. 
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CHAPTER I 


_ 1 SOME FORMULAE OF ALGEBRA 


1. We shall need later certain algebraic, formulae which 
are not always dealt in elementary works. These formulae give 
sums of the type 


Sp = 17 +:2? 4- 37 +00. + ?, 


where p stands for an integral number. We _ require the 
expression for the sum S, only for small values of p: 


p =A, 2, 3. 


Let us find the required sum. 
2. Sum of the members of natural series. 


First of all, we shall find the sum: 


Si;=1424+34...+4+ 2. 


This is the sum of nm members of the arithmetical 
progression with the first member a, = 1 and the difference 
d = 1; its value may be determined with the help of : 

5, = Neh. (1) 


We shall employ another method of establishing the for- 
mula (1), although a bit complicated, but successfully applicable 
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to any sum S,. 


Let us take the important identity 
(n+1)? = n+ 2n+ 1 
and substitute in it successively n—1,n—2, forn and so 


on, till we reach unity, As aresult, we shall get the series 
of equations: 


(n4-1)? - n? + 2n + 1 | 
n = (n—1)? + 2(m-1I) +1 | 
(n—1)? = (n—2)? + 2(n—2) +1 (2) 


eo ¢© «© © @ o@© * e© © ee e e&  * @* @ % %  * 


Summing up all these equations and noting that the column 
of the terms on the left-hand side consist of almost only those 
terms, which form also the column of the first terms on the 
right-hand-side. The distinction between these columns is that 
on the left-hand-side term 1° is absent which is the last term of 
the column on the right-hand-side, and the term (n+1)° is 
present which is not there in the right-hand-side. 


It is clear, that after cancelling out similar terms of both 
the columns, we get: 


(n+l)? = P+ Qn4+2(n—-DN4+...4+2.H4 
+{1+14+...+ 1}. 


The number of terms in the second bracket is equal to the 
number of equations (2), i. e. equal ton, so that, the whole of 
this bracket is also equal ton. Further we notice that if we 
take out the common factor 2, from the first bracket, we are 
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left in this bracket with the sum S;. If we also replace 1* by 1, 
we find 
(nt1)P? =14 28,+ n. 
Hence 
2S, = (at+1)? — (nt) = (n4+1) [(n4-]1) — I= 7 (atD, 


and finally 
Sy = nar), 


so that we again get the formula (1). 


3. Sum of Squares. We shall now apply the above 
method for finding out the value of the sum_ of squares of first 
n natural numbers, i. e. the sum 


S,=P+2+34+...4+ n°. 


For this we substitute successively in the equality 
(n4+1)3 = n® + 3n? + 3n + 1 


n—1,n—2 and so on for n till we reach unity. This will lead 
us to the series of equalities: 


(n+1) = 7 + 3n? +3n +1 ] 
n® = (n—1)? + 3(n—1)? + 3(n—D+1 | 
(n—1)8 = (n—2)? + 3 (2-2) + 3(n—2)4+ 1 (3) 


2 = |X +3.1? +3.1 41) 


We shall add all these equalities. As in the previous case 
we can make considerable simplification here also; viz. from 
the column of the terms on the left-hand-side all the terms 
disappear, except first 7. e. (2+1)?, and from the column of 
the first terms on the right-hand-side all the terms vanish 
except the last i. e. 1°. 


4 SUMMATION OF INFINITESIMAL QUANTITIES 


Further, if we take out the common factor 3 from the 
column of the second terms of the right-hand-side then. it is 
evident we are left with the sum S, which is to be found. 
Exactly in the same way, the column of the third terms of the 
right-hand-side gives three times the sum S, already found 
above. If we notice further, that the number of lines in (3) is 
equal to n, we find: 

(n+1)? = 17 + 3S, + 3S, + 7. 


Now replace 1° by 1, and S, by the expression (1), which gives 


Hence 
3S, = (n+1)? — 3 n(n+1) — (n+}), 


or 3S, = (74-1) | (n + Ly? — ; n ~ | - a(nt+]) ¢ ~ >) 
Therefore 


38, = "FD Ons) 


Finally we get: 
_ nn (n +f) (Qn+1) (4) 
So =- ST OLS, 


4. Sum of Cubes. Exactly in the same Way, proceeding 
from the equality 


(7+1)* = nt + 4n3 + 6n? + 4n +1, 
we get the system of equalities 


(n+1)* = nt t+ 4n°4+ 6n? + 4n +1, 
nm = (n—1)4 +- 4 (n—1)? + 6 (n—1)? + 4 (n—-1) 4-1, 


° 
a SS 


After addition and simplification we find: 
(n+ 1)é = 1 + 4S, + 6S: 4 4S, + Mh. 
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Substituting the values of the sums S, and S, whose 
expressions have already been found in (1) and (4) and after 
performing all the necessary calculations, which undoubtedly 
the reader can do, we get the expression for the sum Sy as 


— mw (ntly 


In a similar manner, the sums 5,, S; etc. can be found. 


5. Although this still does not have any direct bearing 
on the subject of this text, we cannot afford to leave a very 
imteresting consequence of the formulae (1) and (5) i. e. by 
the comparision of these formulae, it is clear that 


S3 — S* 
that is 
2424 ..:4+ 8 = (1424+... +n). (6) 


for instance, 
18 + 2° = 9 and (1+2) = 9, 


or 
18 + 28 + 3° = 36 and (14+-2+3)? = 36, 


Or 
13 4+ 29 + 33 + 43 = 100 and (L+2+3+4)? = 100. 


The equality (6) is more interesting, because we can verify 
that it does not hold good in its generalised form 


@+h4+...+kh=-(a+b+...+k) 


for arbitrary numbers a, b,...,. For example 
23 + 4% = 72, (2+4)? = 36, 
and 72 + 36. 


6. Symbol ». Formulae (1), (4) and (5) may also be 
written in another form by using the symbol 2 which is widely 
used in mathematics i. e. if there is a series of terms denoted 


6 SUMMATION OF INFINITESIMAL QUANTITIES 


by one and the same letter say a, distinguished between one 


another by the suffixes in this letter: a, -} dz ¢ dy ft ..+ t Qn, 
the sum of these terms is denoted by the symbol 
n 
S Ak, (7) 
k=l 


where the letters a,, show that the characteristic term of this 
sum is a, with some suffix, and the signs below and above the 
symbol of summation 2 show, that the sufhx in the letter a, 
covers all the values from 1 tow. This symbol 2 is the 
Greek Capital letter Sigma. With the help of the symbol 2 
the sum S,, S», S; may be depicted as : 


“1 n " 
=k S&S - SR G=DRK 
k—1 kK =] k=] 


and the formulae (1), (4), and (5) take the form* 


| a 
ser) 
| 


| n | 
| ~ A(n+)) (2n+1) 
/ 6 (9) 
Ka | 
Po 
| . nw (ntl). 
a (10) 


* We assume that the reader of this text reads it with a “pencil in his 
hand’. If so, then we recommend him to write out the formulae (8), (9), (10) 
on a separate sheet and always keep it in front of him. 
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7. Some characteristics of the Symbol ~. 
Let us note some of the properties of the symbol 2. 


1) If each of the terms is itself a sum of two terms, then 
their sum also breaks up into two sums. 


Therefore 
nH 


x (AQ, +b,) = Sat > by. (11) 
k=1 k=] k=1 


To give the proof of the equality (11) it is enough to write 
its left-hand-ssde in the expanded form 


(Q,+b,) + (az + by) +... + (Qn+b,), 


which, evidently can be rewritten as: 
(0; +a,+ ... +@y) + (b:+b.+... +n), 
and this is the right-hand-side of the equality (11). 


2) If all the terms of the sum have a common factor, then 
it can be taken out before the symbol of the sum 
n n 


Sac = Sa. (12) 


k=1 k=] 


3) If all the terms a, are equal to one and the same value 
a, then the sum is equal to this value, multiplied by the 


number of terms, 
f 
> a = na. (13) 
k=] 


This property can also be proved easily by the reader. In 
view of the extraordinary simplicity of the properties of the 
symbol 2 as shown above, we shall use them subseqently 
without making a specific reference to them. 


CHAPTER II 


<2. DETERMINATION OF PRESSURE 
ON A VERTICAL WALL 


8.° Pressure on the wall of a reservoir. Let us assume, 
that there is a rectangular reservoir full of water; its dimensions 
are shown in figure 1. We want to find the pressure* P of the 
water on the front wall of the reservoir. 


To find the solution, we have to recollect some of the laws 
of Hydrostatics 


9.° If there is a small horizontal plate in water, then 
the pressure of water on it, is equal to the weight of the 
column of water pressing the plate 7. e. the cylindri- 
cal column which forms the plate as its base and _ the 
depth of immersion of the plate as its height. Because we 
are dealing with water, the specific gravity of which is unity, 
the weight of the above mentioned column is equal to its 
volume /. e. equal to the area of the plate multiplied by the 
depth of its immersion. This product also gives, the 
pressure on the horizontal plate. If the plate is not horizontal, 
then its points are found at different depths and we cannot 
talk about the depth of immersion of the whole plate. 


* Here as well as onwards, while talking of pressure, we mean the 


total (burst with which the water is pressing the wall, and not the force which 
iS pressing a unit area. 
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But if the plate is very small, then, approximately we can 
consider, that all its points are immersed at one and the same 
depth and lei us call this depth as the depth of immersion of 
the whole piate. 


Fig. 1. 


Suppose that we are given a very small plate immersed 
in water ; we shall now define the term ‘pressure’ on it. To 
do this let us imagine that we turn this plate about one 
of its axis so that it becomes horizontal. Since pressure 
inside the liquid in all directions is equal, and the dimensions 
of the plate are very small, the operation of turning, 
does not alter the pressure on the plate appreciably. The 
above method of finding the pressure is applicable to the 
plate in its new horizontal position. This process of turning 
the plate neither changes the area, nor the depth of immersion 
(since the area of the plate is very small). We can express this 
statement as: the pressure on the plate in water is equal to 
the area of the plate multiplied by the depth of immersion. 


This rule is not exact but is only approximate. The 
smaller the area of the plate the better is the approximation. 


10. After establishing this rule, we shall turn to our 
problem. The front wall of the reservoir 1s not very small, 
and therefore, the established rule will not be directly 
applicable. In order to employ this rule, we _ proceed 
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as follows: 


Let us take a very large number » and divide the wall into 


n equal strips (Fig. 2.) of width ' h each. 


A ee 
| . GG - ———— {| 


Fig. 2. 


Let us now consider one of these elementry strips, for 
example, the k-th from above. It is very narrow and we can 
approximately consider that all the points on it lie at 
the same depth. The pressure on it is found with the help 
of the rule of article 9°.* 


The area of the strip is equal to the product of its length 
aand its width ; hie. " ah. In order to find the pressure, we 


should multiply this number by the depth of immersion of 
the strip. 


For the k-th strip from above, the depth is equal to 


*) Considering the conclusion of the rule of finding pressure, we see, 
it is neccessary for exactness that all the points of the strip should lie 
(although approximately) on equal depths. Therefore, we shall apply the rule 


to this narrow horizontal strip, although, fortunately, its length cannot be 
considered to be very small. 
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‘ h*. Hence the pressure P, on the &-th strip is equal 
to 
ah? 
P, =k 


In order to determine the pressure Pon the whole wall, 
we should add the pressures on separate strips, which gives 


n n 
P— > a 5, or P= a > k. 
k==| k=! 


Making use of the formula (8), we can determine the pressure 
Pas: 
ah? n (n+l) 


an ne 
or as: 
ro (19!) 
hence, finally, 
pa a as 


However, the expression found for the pressure is not fully 
correct. Asamatter of fact although the strips taken are 
very narrow, the different points lie at different depths. 


We often use the following symbol in mathematics to 
denote that two quantities are approximately equal : 


* The quantity h is the depth of the lower edge of the strip, but 
since we neglect the distinction between the depths of separate points of 
a Strip, we take this depth as the depth of immersions of the whole strip. In 
what follows, we shall repeatedly come across similar conditions. 


= 
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A=B, 
i.e. by placing a dot on the symbol of equality. Therefore, 
we should rewrite the relation (14) in the form 
2 2 
ah ah* 1 (14’) 
2 n 
Moreover, it is clear that more the strips we take Je. 
larger is the number 7, the more exact is the equality. Hence 
as we increase the number n, we shall get from (14’) 
more and more exact expressions from the pressure P. 
Thus, the exact pressure appears as the limit* to which the 
equality 
ah? , ah’ | 
2 + 4 


approaches, when n increases indefinitely. But it is intuitively 


, , | 
clear that by increasing , the number yn? as also 


2 
“ = become less and less, tending towards zero. There- 


ah’ 1 
» 


2 
fore, the limit of the quantity a + reduces to 


[— ah? ; 
the first term yo which also 
gives us the exact expression for 


pressure : 
ah’ 


P= 9 


11° Pressure on a triangular 
sheet. We now come across an- 
other problem of the same kind. 


Fig. 3. For instance, we shall try to 
determine the pressure of water 
* We shall remember, that the limit of a variable quantity x, is a 


constant number /, such that the absolute value of the difference x,—/ for all 
sufficiently large values of 7 is less than any pre-assigned positive number. 
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on a triangular sheet, lowered vertically in water in such a 
way that the base of the triangle lies in level with the free 
surface of the liquid (Fig. 3.) 


In order to solve this problem, we proceed from the 
considerations, already stated in the previous para, i.e. 
we break the sheet into n very narrow horizontal strips.— 


“elementry strips’—of width | heach and we determine 


the whole pressure as the sum of pressures on separate 
strips. 


Let us take the k-th strip from the top. Neglecting 
the width of the strip we may consider, that all its points 


lie at the same depth, equal to * h. The pressure P;, on the 


k-th strip is obtained by multiplying this depth by the area of 
the strip. This area can be found since it is a trapezium. But, 
evidently, for the narrow strip, 1t may be considered witha 
great degree of preciseness that its shape is rectangular. It 
simplifies the determination of the area. Itis true that there 
is a little error but this error is less perceptible, the more 
the number of strips. We already know by the previous 
example, that the above error does not affect the final result. 
Here we come in conflict with the ideas constantly employed 
in solving various kinds of problems. In the calculation 
of the elementary terms, we should pay attention mainly 
to the simplicity of its expression neglecting parts of a 
term which are insignificantly small as compared to those 
which we take into consideration. With the help of the 
theory of limits, this principle could have been expressed in 
a more exact and rigorous form, which we however, do not 
do, since the examples considered sufficiently elucidate the 
principles involved. 
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Taking the k-th strip as a rectangle, we get the area 
as a product of its length and width. Evidently the width ts 


’ h and the length /. (Symbol & signifies, that we are dealing 


with the A-th strip) is found, as is clear from figure 3, by the 
similarity of triangles i.e. 


l; ca=(h — Mh ih, hence fs = (1 _ * Ya. 
n n 
Thus the area of the strip is, 
k° I 
(1 — ja. 1 h, 
and the pressure on it 


Pp ( | — Nk 
ih" Ai 


The total pressure is found by the summation of the 
above calculated quantities 


ai 
ah* k 
psy ( _ 7k 
k =] 
ah? hh . 
—_ _ air 2 
i. x k— OO > ke. 


k=] 


Making use of the formulae (8) and (9), we may write the 
expression in the form: 


pa UW nit!) — ah? n(n+1)(2n+) 
n* 2 ne 6 


Or 


h’ J h? 1 1 
pa 4 = ~ 2 ( *\ : 
2 (1+ +) 6 (i+ 24+). 
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This expression for the pressure is approximate, the larger 
is the number n the more exact it is. It means that for determin- 
ing the actual pressure, itis necessary to increase n indefinitely 
in the right-hand-side of this equality and to the find limit of 


the right-hand-side. Since by increasing n, the fraction , 
approaches zero, the factors (1 + 1) and (2 + ) will 


approach 1 and 2 _ respectively. 
Therefore, (on the basis of the 
theorem on the limit of the product 
and difference) the whole of the 
above expression has the limit 
ah” ah’ 


7 6 2. 
Hence 
ah? al 
— 2 3 
_ ab’ 
= "6° 
Fig. 4. This is the exact value of the 
pressure. 


12°. Let us find the pressure on a verticle sheet of the 
same shape, but immersed in water so that its vertex lies in 
level with the surface of water and the base parallel to the 
surface (Fig. 4). 


Dividing the sheet into horizontal strips of width 
’ hand taking each such strip as a rectangle, we find the 


length of the k-th strip by the similarity of triangles ; 


L,i:a= a :h, hence i; = ~-~a. 
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° . . k bd 
The area of the strip is equal to ae ah, and since 
its depth is i h, the pressure on the k-th strip is equal to 
nN 


_ kK 
P, = 7 ah. 
The total pressure is found as the sum ofall the P, 


n 
> ah? . 
pay Kan = WP Se 
n 
k=| 


With the help of the formula (9) we can write P as : 


_ ah? n(n+1)(2n+I) 
n* 6 


re BCs sh) 
6 n n 


The exact expression is found by the limiting operation 
when n increases indefinitely; to find the limit we repeat the 
argument given at the end of article 11°. Not going into 
details we notice that we find the limit, by discarding the 


OT as. 


term : from the brackets, which finally gives 


ah? 


P= "3 


13°. Pressure on a semi-circle. In the examples, consi- 
dered so for the total pressume was calculated by breaking 
itinto a number of separate terms P,. The calculation of 
one such term by the simplified method (i.e. neglecting the 
difference in the depths of separate points of one strip and 
assuming the strip to be in the rectangular form) was easily 
_accomplished. All such separate pressures were summed up 
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and the limit of the sum involved was found when # Is increased 
indefinitely. To find the limit of the sums we used the formulae 
(8) and (9) of $1. However, it would be wrong to think that the 
solution of a problem by this method always leads to the 
simple sums of §1. On the contrary, we very offen meet with 
far more complicated sums. We illustrate this by an 
example. For instance, we shall try to determine the pressure 
on a semi-circular sheet, Fig. 5, placed vertically in water, the 
diameter of the semi-circle lying in the free surface of the 
liquid, 


Making use of the method already given, divide the sheet 


into strips of width “R where Ris the radius of the semi- 
circle. 


Here also, we treat every 
strip as a_ rectangle. Its 
length is found by the Pytha- 
gorus Theorem. 


bh 2a/ Re “— R= 


2R 
= * ~ 
Fig. 5. n vn 


In this case, the area of the strip is 
2 eee 
i Jn? — k’, 
and the pressure on the A-th strip is equal to 
2R°® 


Pre OR kV nk 


The approximate expression for the total pressure is the 


n it 
2R° ak . 2R° “eo pe 
P= » im k /w—k*, or P= 1 Dy k \/n® — k’, 
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Its exact value is the limit of the sum when 7 increases 
indefinitely. Asa matter of fact, we are not only interested 
in the sum itself but also in its limit. 


Hence 


n 
p= 2tim |. Y k vie ae | (15) 
k=] 


where the symbol ‘lim’{signifies limit. 


Therefore, the problem would be solved, if we are able to 


find the limit 
"tl 
; l ae 
lim [i> kK 4/iw— ke | (16) 


However we cannot find this limit by the methods already 
adopted and therefore we cannot solve the given problem. In 
article 23°, we shall give a method for calculating the limit 
(16) and solve the present problem. 


CHAPTER III 


§3. DETERMINATION OF WORK DONE IN 
PUMPING OUT WATER FROM A VESSEL. 


14°. Pumping out water from a cylindrical vessel. In 
this paragraph, we shall consider the types of problems related 
to other branches of physics, the solutions of which 
are obtained with the help of the method of division into 
indefinitely increasing number of 
diminishing terms, or, what are called 
infinitesimal terms. 


We shall consider the problem by 
a typical example. Let us take a cylin- 
drical copper vessel containing water (Fig. 
6). Let us assume we empty it with the 
help of apump. It is required to find 
the work done in pumping out all the 
water. 


We recall that by the work involved 
In moving a portion of water, we mean 
the product of the whole force applied 
to it and the distance travelled by it. Reverting to our problem, 
we shall notice that for pumping outa portion of the liquid 
from the vessel, it is sufficient to raise it to the edge of the vessel, 
and then allow it to overflow under the force of its own weight. 


Fig. 6. 
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Thus the problem reduces to finding the work, required 
to raise all the liquid to the level of the edge of the vessel. 


It is evident, each portion of the liquid covers a distace 
equal to its depth below the edge of the vessel. Since the force 
which is overcome in raising a portionis the weight of the 
portion, the work done in raising a portion 1s equal to the 
product of its weight and its depth. Since we are concerned 
with water whose specific gravity is equal to unity, the weight 
of a portion is numerically equal to its volume and, therefore, 
the work done in raising a portion of water is equal to the 
product of its volume and its depth below the edge the of vessel. 


Since different portions of water are at different depths 
in the vessel, wecannot directly apply the above rule 
for finding the work done. 


In order to make use of this rule, we shall proceed on the 
lines we solved the problems in the previous articles /. e. divide 
the height H of the cylinder (Fig. 6) into » parts of length 


, H each and draw planes through the points of division 


parallel to the base of the cylinder. These planes divide the 
thickness of water into “their” layers. We can approximately 
consider that all the points of the liquid in a layer lic at 
one and the same depth. Therefore, using this rule, we can 
determine the work done in raising one such layer. 


The volume of the layer is the volume of the cylinder with 
radius R (where R is the radius of the vessel) and 


height ; H, so that it is equal to 


1 R* . 
A 
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If we deal with k-th layer from above, the work done 
in raising the k-the layer is equal to 


T, = 7R*H’ k 
an 
This equality is approximate and not exact because 


even in the portion of one layer, the depths of different parts 
are not equal. 


Since the whole work done TJ is found by adding the 
above expressions, for all the layers 


n fl 
ee - P22 k —_ 2 . ] . 
T =) “RH? |, or TRH? -, dt 


On the basis of the formula (8), we have 


Terry: | nt) 


n . 2) ‘1 


pe RE (1 + \). (17) 


It is easy to see, that by increasing the number fn, the 
exactness of this approximate equality increases. Therefore, 
we get the exact expression for work by finding the limit of 
the right-hand-side of (17) by increasing n indefinitly. 


Or 


This limit, it is evident, is found by deleting the fraction 
a, which finally gives 


— «R*H? 
I 2 


If we use the expression for the volume of the cylinder 
V = 7R°H, then the given value may be written as : 
H 


T=V4. 
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In other words the work done is equal to that required 
to raise the entire volume of waler to half the height of the 
vessel. 

Note: The last statement may also be obtained with the 


help of the following considerations and without all the 
calculations. Itis very clear that the work done in removing 


the middle (i. e. one found at the depth of : H) layer 1s 


equal to its volume multiplied by \ H. It is possible to find 


two layers at equal distances from the middle and on either 
side of it. Jf the distances of these layers from the middle 
Jayer be equal to ‘d’, then one of them is to be raised 
to the height , H + d and the other to the height 
; GY —d. Therefore, if each of such layer has the volume I’, 


then the sum o: the work done in removing them from the 
vessel is equal to 


i i 7 
v(5 H+d)+V(5 Hd) =VH. 


This means that the work done in removing the above 
mentioned pairs of layers does not change if both the layers are 


placed at a depth ; H. Jn other words, we may assume that 


_ 


Hf, and the formula 


NO — 


all the water lies at a depth 


T= VH 


al 
2 
becomes quite evident. 


15’. Pumping out water from a hollow cone. In_ this 
example, we shall consider the analogous problem of finding 
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the work done in pumping out water from a conical vessal 
(Fig. 7) 


As in the previous example, we shall divide the whole mass 


of water into n layers each of the thickness ' HT. The 


infinitesimal work done is equal to the 
depth of the layer multiplied by its 
volume. This volume is the volume 
of the truncated cone. However it 
is very easy to calculate it, treating 
the layer as a cylinder. This 1s 
evidently not correct, but it simpli- » 
fies calculations. As in article 
11°,it is evident that by increasing 
the number 7, the error introduced 
decreases. | 


Fig. 7- 


Denoting the radius of the k-th 
layer as r;,, we find that its volume is 


Since the depth of the layer is ; H, the infinitesimal work 
done 1s equal to 
k 


T, == vr? a 
i. n 


In this expression the quantity r, occurs ; we shall express this 
quantity by the dimensions of the cone. By the similarity of 
triangles, we have ; 


mi R=(H-3" H) -H, 
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PRoOt < ‘ ) R. 


Substituting this value in the expression of the elementry 
work, we get 
1 Tr k\ k 
7, = rRH*(1— --) =, 
n n 


The tolal work done is equal to 


bence 


n 


2 
T=) «RH (1 ~ 5) +. 


k=] 


or 


Making use of the formulae (8), (9), (10) we express th2 
given equality in the form 


] ] 1 1 ] 
— ey © &) aa ~— a J yu 
Tan RH 5 (1 + )-3 (1+ (24 7) 
] 1\ 
+4(+ *) |. 

This expression is only approximate, since the layers are 
not exactly cylindrical and the depth of different points of 
each layer is different. However increasing the number nz, 


indefinitely, and taking the limit of the right-hand-side, we shall 
find the exact expression for the work done 


P= RH (5- rot s) 
or, finally, 


— 1 py 
T = {2 TRH. 
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If we 1emember *) that the volume of the cone is equal to 


V = 3 RH, 


then the above expression may be wrillea in the form: 


H 
T= VY. 4° 
i. e it shows that it is equal to the work done, in raising the 
entire valume of water to one-fourth the height of the cone. 


16° Pumping out water from a hemi-spherical vessel. We 
shall solve one more example of the same type /. e. we shall 
find the work which ts necessary to pump out water from a 
vessel in the shape of a hemisphere. 


Proceeding as before we divide the mass of water 
into n horizontal layers each of 
thickness 7 R. Assuming each 


such layer as acylinder of radius 
r, (while dealing with the k-th 
layer), we see that its volume is 


V,, art R, 


and, consequently, the work done in raising the k-th layer is 


Now we shall express the radius r, of the Ath layer in 
terms of the radius R of the sphere. It 1s obvious from Fig. 8 
by using the theorem of Pythogoras 


* However, this formula has been established in article 18.‘ 
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r° R° -- (* R ) 
n . 


k . 


ne 


Hence 
T:. = —R! (i -) — K 


Tbe total work is found by the summation of all such 


terms : 
A 
T = y er (1- K es 
> 
OT 
| n 1 n 
— 7 4 —_ - 3 
T x= R E> nd] 


using the formulae of Chapter 1, we have 


. L n(nt+l) 1 w(nyly 
—_ 4 coer __ : ; 
P=rk E 2 n' 4 ] 


l | 1 \: 
— 4 _ _ . 
r==R| (1+) ) 1 ,) | 


This approximate expression for work can be made exact 


or 


if we neglect a (in the limit # goes to in finety and we get 


ip fl i) 
T= =R(5 4 


gives) 


or finally. 


17°. Pumping out water from a trough. [n this conclud- 
ing article, we shall consider the problem of finding out the 
work done in pumping out water from a trough 7. e. from a 
vessel in the shape of a semi-cylinder (Fig. 9). 
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Applying the method of dividing into infinitesimal 
quantities, we divide the whole mass of water into 


A > ae Z 
Ce ZS 


ne 
- 
« . 
oss NSan . ON 
ANS uN ‘ \ eS 
MQ ESQ Ay 
dete dadddddda LLCO TP CLOTPTS AGE yy” 


Fig. 9. 


nnarrow horizontal layers of the form of ractangular slabs 
(Fig. 9). The volume of one such slab is 


I 
V;, = HI, A. ? 
where /;, denotes its width. This width /, by the theorem of 
Pythogoras (the chord of the circle is at a distance * R 


from the centre of the circle) is equal to 


wo aa/ (La), 


so that the volume of the slab is equal to 
V, = 2R°H ; Vint — ke 
Hence the work done in pump)... out water of 4-th layer is 


Tr = 2RH -, KV k’, 


and the total work done 1s equal to 
i 


r=) 2R°H ‘ Vm — ke, 
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Or 


—. 7p: | pas pe. D2 a 
T = 2R°H a ne ke. (18) 


The above expression is, however, only approximate. 
For finding out the exact value of the work-done, ” should be 
increased indefinitely and in the limit the right-hand-side of the 
equality , 


Pl ty oe gs 
T 2ReH tim | ys SK yn Ke | (19) 


Thus our problem reduces to finding the limit 


lim | = Ph 4/ w — k? ] (20) 


We see that this limit is the same as that of (16) of article 13”. 
At present we cannot find this limit, and therefore, the solu- 
tion of these two physical problems cannot be solved com- 
pletely. As it has already been pointed out in article 13°, we 
shall find this limit in article 23°, and solve both the problems. 


ee a ee a 


CHAPTER IV 


: 4. DETERMINATION OF VOLUMES. 


18.°. The volume of a cone. The methods developed 
above, find wide applications for solving different kinds of 
geometrical problems. In the present chapter, we shall 
show the application of these methods in finding the volumes 
of different bodies ‘’. 


First of all, we shall handle the problem of finding the 
volume of a cone. To. solve this problem, we divide 
(Fig. 10) the height of the cone into # parts each of length 


| H and draw planes through the points of division, 


parallel to the base of the cone. 
These planes cut the whole cone into 
n layers (which are as a matter of 
fact, truncated cones) each of which 
is a cylinder. This in the wider. not 
precise, sense means that the diffe- 
rence is more or less imperceptible. 


Denoting the radius of the k-th 
layer by rx, we find that the volume 
of this cylinder is equal to 


Fig. 10. 


*. Since we are interested in the main method, the calculation 
part of the problem is weat, we don’t define here the meaning of volume. 
As it is well knowns, for this definition, it is necessary to make use of the 


concept of limit 
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; H 
V, = nr: hn 
By the similarity of triangles, we have 


mi R= A H: H, 


hence 


r= R, 


and the expression for the volume of the A-th layer takes 
the form : 


2 
V;, = “RH, 3 
so that the total volume is equal to 
nf ke 
v= 7R°H n>? 
k= 


Or 


i 
ps | . 
V = wR H. ny 2! 5 


which by the formula (9) assumes the form 
n (nt1) (2n+1) 


V=nR*H én , 
or 
Ge JG> ») 
V=rRH . " 6 (21) 


This valuc of the volume Is not exact and is only 
approximate, for, as already stated, the separate layers, as a 
matter of fact, are not cylindrical. However, larger the number 
n, more exact is the above cxpression, so that the true 
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value of V is the limit of the right-hand-side of the equality (21) 
where 1 increases indefinitely. This limit, evidently, is derived 


from (21) by neglceting the fraction , , so that 


1.2 


_ = R2 
V — aR*H. 6 


or, finally, 


Thus, the volume of a cone is equal to one third of the 
product of the area of its base and its height. 


19. The volume of a pyramid.° Similar argument 
is permissible to find the volume of a pyramid. We shall 
consider (Fig. 11) the pyramid of height H, the area of whose 
base is F. Dividing the height into n equal parts and drawing 
through the points of division, planes, parallel to the base we 
divide the pyramid into 7 prismatic slabs each of thickness 


H (strictly speaking, these slabs are not prismatic and 


are truncated pyramids, but asin the above case, we can 
consider them nearly prismatic). 


If the area of the k-th slab from top be F,, then itis easy 
to see that 


F,:F — kein 
so that 
ke 
Ff, = n F, 


and consequently, volume of the k-th slab is equal to 


2 
V,-- Fy 


nom np tet 
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The volume of the pyramid is equal to the sum of all such 
volumes : 
i 
. FH), 
V na | 


or [on the basis of the formula (9); 


v4 = )(24 4) 
6 n n 


Increasing » indefinitely and taking the lhmit of the mght- 
hand-side we find : 


a 
} 3 PH 


so that, analogous to the volume of the cone, the volume of 
the pyramid is equal to one third of the product of the area of 
the base and its height. 


20. Volume of a sphere. We shall now find the volume 
of asphere. It is evident that the problem would be solved if 
we confine ourselves to the case of a hemisphere and after that 
double the result. Dividing the hemisphere (Fig. 12) into 


niayers each of thickness R and taking these layers as 


cylinders. If the radius of 
the k-th layer is r,, then its 
volume, /. e. the volume of 
truncated cylinder, is equal to 
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so that the expression for the infinitesimal volume takes the 


form 
k?\ 1 
V, mt R® (1 — n? ) n ) 


and the volume V* of the whole hemisphere is the sum of all 


such V,,’s 
n \ 1 n 
* ° 3 7 _. : 2 ; 
eel Xn Oe] 


which on the basis of the results given in chapter 1, 1s 
equal to 


6-(1+) )Qe) 
V*2. _R- XN 6 _ a 


The limit of this expression, by increasing a indefinitely 
gives the exact value of the volume of the hemisphere 


Vr = 4 tw R°, 


Hence the volume of the whole sphere is 


_ 4 as 
V—=-x TR 


21°. Volume of the common part of two cylinders. Now 
we shall solve a difficult problem. We shall consider two 
cylinders of the same radius whose axis intersect at right 
angles (Fig. 13). We are to find the volume of the common part 
of both the cylinders. The crux of the problem lies in a clear 
conception of what the body looks like. However, we can 
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solve this question even without 
conceiving what the body looks 
like. 


To solve this problem, we shall 
imagine a plane, passing through 
the axis of both the cylinders; call 
it the axial plane. This plane (if 
we assume it to be coinciding with 


Fig. 13. 


the plane of the diagram) divides the body into two halves, 
the front and the rear. We shall restrict ourselves to the study 
of one of them, for instance, the front one, since they are 
evidently identical. 


Now imagine a plane parallel to the axial plane. It will cut 
each of the cylinders intoa strip. These strips in both the 
cylinders, have the same width. Therefore, the given body 
when intersected by the plane, gives a square. 


Having established this it is easy to solve the problem. 
Draw a perpendicular from the point of intersection of 
the axes of the cylinders to the axial plane. The length 
of the segment contained in the first half of the given body 
is equalto R. Divide the segment into # parts and draw 
planes through the points of division, parallel to the axial-plane. 
These planes cut the first half of the given body into » square 


strips of thickness : Reach. 
It is easy to see from Figure 14, that the side of the 


k-th square of the given body is 
equal to 


L= R? k ° 
2 a/e—( 8) 


and therefore, its area is 
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and the volume of the k-th strip 1s 
2 
Veit ® = 4R(1 -*) | 
n n/n 


The volume V* of the entire first half of the body is the 
sum of all V;’s, i. e. 


or 


ye ar 1 —4 (1 +) Ne Ha) | 


This approximate equality becomes exact if we indefinitely 
increase n. 


Thus, the volume of the first half of the body is equal to 


y* — =. R°. 


The whole volume V, 1s therefore 


_ 16 2 
=-, R, 


which is the required result. 


It is very curious that inspite of the very complicated 
character of the body its volume has been found very easily. 
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22.° Volume of a cylindrical segment. We shall now 
consider the so called “cylindrical segment”’—a body, cut from 
a cylinder by a plane passing through a diameter of its base 
(Fig. 15). Let AB = H, its base 


OA = R. We shall express the 
volume of the segment in terms 
of H and R. 


To solve this problem let 
us divide the radius Ok inton 
equal parts and draw planes 
through the points of divi- 
sion parallel to the plane of 
the triangle OAB. These planes Fig. 15 
cut one of the two halves of the cylindrical segment into n 


triangular strips each of thickness i. R. One of these 


strips is O, A,B, and 1s shown in the figure. 


Let us consider the volume of the strip assuming it to be 
prismatic. 


Let O,A,B, be such a strip, so that 


OO; R. 
By the theorem of Pythogoras it is easy to show that 
0,A\=V QA? — OO? ) 


or, in other words 


a 
0.4,.-RV1—-*. 


n 


Further, by the similarity of the triangles OBA and 
O,A;B,, we have, 
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A,B, : AB — OA, : OA, 


Es 
AB: H=RA/1~ ER 
a 2 
A,B, —- H a/ — ne’ 


The area of the triangle O, A,B, is given by 


ke 
> RH (1 - a): 


The volume of the £-th strip is found by multiplying this 


Or 


Hence 


area with the thickness of the strip 7. e. : R. It means 
then, the infinitesimal volume is 
. 1 pe lL FP 
n= 2 RE | A n° | 


and the volume V* of the whole half of the segment is 


n n 
_ 1 1 ke? 
*¥ous 4 -- —_ . 
Vt 5 nH ( y , »y md? 


OT 


V* = 


1 en[i- (i+, JQ +n) | 


The limit of this expression gives the exact value of the 
half the volume of the segment 


V* => ) RH. 


3 


Hence the volume of the whole segment is equal to 
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y= $ RH (22) 


23°. Another Method. We shall attempt this very 
problem in another way, viz. we shall divide the radius 
OA into n parts (Fig. 16) and draw 
planes through the points of 
division perpendicular to this 
radius. They will cut the whole 
cylindrical segment into 7 rect- 
angular strips as shaded in the 
figure. 
We shall, find the volume of 
the k-th strip (we shall assume 
them to be prismatic). The thick- 


ness of each of them is , R. 


Let the k-th strip be as shaded in the figure. 


We get OP = © R. 


Jn this case by the theorem of Pythogoras the chord MN 
is given by 


_ 
mn =2A/R- * 


nh? 


R’. 


By the similarity of triangles OPO and OAB, we have 


PO: OP = AB: OA, 
or 


so that 
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and the area of the rectangle being equal to PO.MN is 
2RH * a/ ,;— * 
n n 
Therefore, the elementry volume is equal to 
Vi, = 2RH. J/n—k?. 
Hence the whole volume is equal to the sum: 


n 
V == 2R°H. - , V nek. 


However, this equality is only approximate, and we shall 
get the exact expression from it if we replace the right-hand- 
side by its limit when n increases indefinitely. This gives 


Hv 
V = 2R°H lim | lL Skv nek? | (23) 
n k=1 


Once again, for the third time we come across the limit 
1 n 
lim | »Skv nF | 
" ka 


As we do not know the above limit we cannot solve the 
problem by this method. On the other hand, comparing the 
expressions (22) and (23), we find the value of the required 
limit, 7. e. cancelling 2R°H, we get 


“i 
lim [ h , Vie | = j (24) 
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and hence, we finally establish the limit. 


Putting the above limit in the equality (15) of article 13° 
we find the required pressure 


P = R°, 


2 

3 
Exactly in the same way, substituting this limit in the 

equality (19) of article 17°, we find the required work done : 


T == R°H. 


24.° General Remarks. As a matter of fact all the 
above problems are solved, by one and the same method. 
This method is as follows: the quantity to be evaluated is 
divided into a large number of infinitesimal terms of the same 
type. These infinitesimal terms are calculated approximately. 
By increasing the number of terms, we get more exact 
expressions. Then the required quantity is evaluated by 
the summation of the calculated infinitesimal quantities. The 
result obtained for the required quantity is, however not 
exact, and in order to find the exact result, it is necessary 
to take the limit of the given sum by increasing the number of 
infinitesimal terms indefinitely. 


In brief, the given method is to bring the quantity to be 
evaluated in the form of the limit of a sum of indefinitely 
increasing-number of (ultimately vanishing) terms, or, as it 
is more commonly stated, in the form of indefinitely large 
number of infinitesimal terms. 


This method is one of the most important methods 
of higher mathematics ; it is studied in that branch of 
mathematics called “Integral Calculus.” In this subject 
we deal with the limit of the sums of indefinitely increasing 
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number of ultimately vanishing terms. These limits are also 
called “Integrals”. Thus, going through the procedures of the 
preceding articles, we can say that in each of them we had to 
calculate an integral. 


The sums considered have a very simple form ; viz, they 
are the sums of the following types : 


Hn n n 
2 3. 
af 3 2 


These were derived in chapter 1. When we came across a 
sum of a more complicated type like 


nN 
L_ 2__ fe 


then we had to adopt an artificial method of finding its limit 
as was done in solving the example of article 22°. In integral 
calculus, general methods of finding the limits of sums of more 
complicated types have been expounded, and the solutions of 
similar problems are extremely facilitated. 


Mathematicians did not find these general methods ina 
small span of time. On the contrary their establishment was 
the result of cumulative work of many generations. These 
methods were put forth in the modern form in the works of 
Leibnitz (1646—1716) and Newton (1642—1727). However 
the idea of expansion to indefinitely large number of infinitesi- 
mals was known long before them. Strictly speaking, the 
concept was already known to the mathematicians of ancient 
Greece (mainly to Archimedes, 287—212 B.C.). 


Archimedes particularly, knew the volume of a sphere, 
a cone, their segments and also the volume of a cylindrical 
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segment. 


In the medieval age the scientific thinking was relegated to 
the background and it is only from the beginning of the XVI 
century that the natural sciences, mathematics in particular, 
again began to develop. Scientists began to discover a fresh 
the results developed in ancient times and gradually extended 
them. This also holds true in the case of the method of 
summation of infinitesimals. This method received a signif- 
cant advancement in the works of Kepler, ‘Solid geometry of 
wine barrels’”’ (1615) and Cavalieri ‘““Geometry of Indivisibles”’ 
(1635). 


However in both these works the authors did not obtain 
general methods of determining the limits of sums or integrals. 
In this respect the methods adopted in this book very nearly 
corres ond to the methods adopted by these two authors 
Rea, the exposition is essentially distinct. 


Later, more general methods of solving the integrals 
were gradually found, and, as already stated, the problem 
was dealt by Leibnitz and Newton (the very term “integral” 
belongs to the school of Leibnitz and was introduced in 
1690). | 


25.° Principle of Cavalieri. Not having been able to find 
the limits of the sums of complicated type, Cavalieri 
expounded a very useful principle, which in a number of cases, 
helped him to avoid the calculation of these limits. This 
principle is formulated as follows : 


“If there are two bodies lying between parallel planes 
Pand Q (Fig. 17) in such a way that they always intercept 
figures of equal areas when cut by any plane R parallel to 
P and Q, the volumes of these bodies are equal.” 


To prove this principle, let us draw (n—1) planes. parallel 
to Pand Q. These planes cut both the bodies into 7 parts 
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and these parts are approximately cylindrical or prismatic, 
then we shall find that their volumes are equal having bases 
of equal areas and the same _ height. 
Hence their volumes are approximately 
equal. The greater the number of 
divisions, better the approximations. 
Hence, the result enunciated in the 
principle. 


It is easy to generalise this principle 
showing that if the intersection of both 
the bodies are such that the areas of 
sections are in a certain ratio, 
the ratio of the volumes will be the 
same. Fig. 17. 


Itis not difficult to establish a similar principle for the 
areas. The formulation of the principle in this case will be as 
follows: If two flat figures I and II lie between two parallel 
lines p and q (Fig. 18) in such a way that they intercept 


segments of equal length on any straight 
Y liner, parallel to p and g, then both 
—— 


the figures have the same areas. 
=. 


Fig. 18. The proof of these statements can be 
arrived at by the reader in the same manner as was done in 
the case of the volumes. 


If the ratio of the segments a,b, 
and a,b, be equal to a number 
k, not depending on the position 
of the straight line r, then the ratio 
of the areas of figure J to the area of 
figure J] is equal to k. 


SS 


CHAPTER V 
§ 5. PARABOLA AND ELLIPSE 


26. Area of the parabola. We shall consider the curve 
the equation of which in the rectangular system of co- 


ordinates is 
y= ax’ (25) 


This curve is called the parabola; itis of the form as 
shown in figure 19 (we assume that a > 0). Let us take an 
arbitrary point M on the parabola 
and draw the perpendicular MP 
from it on the x-axis. 


The problem is to find the area of 
the curvilinear triangle OM P. 


In order to solve the problem, 
divide the segment OP into n 
equal parts and draw perpendiculars 
from the points of division to inter- 
sect the parabola. These perpendi- Fig. 19. 
culars cut the reguired area into n 
narrow vertical strips. All these strips can be supposed 
to be nearly rectangles. We shall calculate their areas. 


Let us denote the whole length OP by 7 and consider 
the A-th strip. Its width is equal to a Its height is deter- 


PARABOLA AND ELLIPSE 45 


mined as follows: the distance of the strip from the yp- 
axis 1S . /, and since its upper end lies on the parabola, the 


height of the strip is equal to the ordinate of the point on the 
parabola, represented by the equation (25) and is equal to 


2 
a ($1 
n 


Hence the area of the strip 


and the area of the whole triangle OMP is the sum 


¥ ar ® 9 


k=1 


n 
F = al’: “s is 
r= (i+ } 2+) 


In order to get the exact area the number must be 
increased indefinitely. In the limit, we find 


al? 
3 


or 


or, finally, 


F= 


We can give this result a simple geometrical meaning. 
For instance, let us consider the rectangle OQMP. Its 
area is evidently equal to OP.PM. But OP = 1/1; PM is the 
ordinate of the point M whose abscissa is /, so from the 
equation of the parabola, PM = al’. 


Therefore, the area OQMP is al*®, and, consequently, the 
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area of the triangle OMP is equal to one third of the area 
of the rectangle OOMP. Hence the area of the triangle OOM 
is equal to two third of the area of the same rectangle. 


These elegant results were  ffirst found by 
Archimedes. 


The determination of an area is called ‘Quadrature’. 


Thus, we have carried cut the Quadrature of a parabola. 


27°. The volume of paraboloid of revolution. Let us 
imagine that the parabola considered in the previous article 
revolves about the y-axis. (Fig. 20.) The surface which 1s 
described is called the “paraboloid of revolution.” Let us 
consider a plane A, perpendicular to the axis of y. We 
| shall determine the volume of 
the body bounded between the 
paraboloid and the plane. 


In order to do this, we 
shall divide the segment OO 
into nm equal parts and pass 
through these points, planes 
parallel to the plane A. These 
planes cut the given body into 
n layers each of which, we 
suppose, is cylindrical. If the 
distance OP, be denoted by /, 
then, as proved earlier OO = al*. The height of each 


Fig. 20 


elementry cylinder is I al’. 


To determine the radius of the A-th—— cylinder, we shall 
proceed as follows: if the radius be r,; = NT, it obviously 
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represents the abscissa of the point N on the _ parabola. 
Therefore, the ordinate of this point 1s 


or-* og — * 
n 
and from the equation of the parabola, we find 


k 2 
2 -— 
n al* = ar, 


hence 


and 


2 7 
ur. = tl 

Hence the infinitesimal volume is 

. k 


The required volume V is, then 


from which, after simple calculation, we find 


V sz anl*. (1+ ) 


Increasing n indefinitely, we find the exact value of the 
volume of paraboloid of revolution : 


_ od 14 
V = 4 Tae. 


Let us compare this volume with the volume of the 
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cylinder with radius Ro OP and height Jf OO. Ths 
volume 1s 


th = =6x (OP): OO 
nl?, al®?: nal". 

This leads us to. the 
theorem of Archimedes : 


The volume of the para- 
holoid of revolution is equal to 
half the volume of the cylinder 
with the same base and the 
same height. 

28°. [llipse and its area. 
We shall consider a very 
important curve called the 
‘ellipse’. It may be defined 
as a compressed circle. Now 
we shall explain this definition. 


Let us consider a circle with some radius ‘a’. We shall 
assume that it lies tna plane of a system of rectangular co- 
ordinates and its centre coincides with the oriin (Fig. 21). 
Further let the ordinates KM’ of all the points M’ on the 
circumference be compressed to the extent that the cocflicient 
of compression Is g< 1, Le. 


KM: KM’ — q. 


Thts operation of compression transforms the circle AB’ 
A,.B,, into an cllipse. We shall find the equation of the 
ellipse. TE the coordinates of the point Mon the 
ellipse be (yoy), we find, by the definition of — the 
ellipse : 

y res q- KM’. 


But by the theorem of Pythagoras 
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KM’ = V(OM’)*—(OK)? = /a* — x’, 
so that oe 
y=qva — x’. 
If we denote OB by 5b, then by the definition of the ellipse 


we have 
b:a= OB: OB = 4, 
so that 


q =~ "a? 


and the equation of the ellipse takes the form : 


_ boy es 
y= 7 va x*, 


hence 
3 1 
ee _ =a (a — x?) 
and finally 
x? y* ‘ 
@ tp =! 


It is called the “Canonical” or the ‘‘Simplest”’ equation of 
the ellipse. 


Next we shall determine the area of the ellipse. 
Making use of the principle of Cavalieri given at the end 
of the article 25°, we can at once say, that the ratio of the 
area of the ellipse to the area of the circle is equal to the 
coefficient of compression ‘g’, so that, denoting the area of 
the ellipse by F, we have 


F:xa* = q, 
Or 
F = qnra’. 
Substituting the value gq = °., we finally get 


F = xab. 
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Making use of the principle y 
of Cavalieri, we can also easily 
find the volume of revolution 
of the ellipse about the x-axis. 
(Fig. 22), as the ratio of the 
radii of circles formed by the 
intersection of the ellipsoid by 
the planes, perpendicular to 
the x-axis, to the radii of 
intersection of the sphere by the 
same planes, is equal to gq 
(Fig. 22). Therefore, the ratio 
of their areas is equal to gq’. 
By the principle of Cavelieri, the same is the ratio of the 
two volumes, which gives, 


rh 


_ 
a 


Fig. 22. 


so that 


— oe 


CHAPTER VI 


$6. SINUSOID 


29. About a trigonometrical sum. In this chapter, we shall 
need the expressions for the following sum : 


n 
S = > sin ka = sina + sin 2x +... + sin ne, (26) 
k=l 


where « is some definite angle. 

In order to find this sum we multiply both sides of 
the equality (26) by 2sin 5 

. % ° - . . 0 
2S sin ) =2 sin a Sin + 2 sin 2 sin > + 


x 


+... + 2sin ne sin -5 


and apply to each term on the right-hand-side the important 
formula 2 sin A sin B = cos (A—B) — cos (A+B). 


This gives 


2S sin a | cos _ — cos 5 «| + | cos 52 — cos ; «| -+. 
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It is easy to see that the first term of each bracket (except 
the first term itself) cancels with the second term of the 
preceding bracket. Hence 


2S sin > = COS > — cos ans a. (27) 


Applying the important formula 


. B—A .. 
cos A — cos B= 2sin —5-~ sm 4" 


we write (27) in the form 


in = 2si (nt) « 
2S sin 7 = 2 sin a sin ~~» 
hence 
_ ne. (ntl) a 
sin 5" sin 4 
S = —-- 7% 
° a 
sin -» 
So 
” sin 5 sin mene 
Finke 2 2 ag 
k=] sin 7 


This is the required formula. 


30°. Auxiliary inequality. Let « be an arbitrary angle *, 


satisfying the condition 0 <«< = Then 
tana >a> sin «. (29) 


In order to prove this statement, we shall refer to the 
figure 23. From it, we can intuitively find that the triangle 


*) to be more specific the value of angle « is given in radiaus. 
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OCA is contained wholly in the sector OCA, which, in its 
turn, is fully enclosed in the triangle OAB. It can be seen, 
from the areas of the figures, the following inequality holds : 
area of A OAB > 
> area of the sector OCA > 
> area of AOCA. 
In other words, C 
5 OA: AB> > RCA > 5 OA: CD. 
But 

OA = R, AB = Rtana, 

CA = Rx, CD = Rsina, 0 _— 
so that 

1 | l Fig. 23. 


—_ pR2 _ 2 * D2 
7 Ri tana >a Ra > 7 KR sin «. 


Cancelling the -positive factor 7 R? in this double in- 
equality, we get the inequality (29). 


31°. Sine of infinitesimal angle. Let us assume that 
angle « approaches zero, successively through the values 
Oy, Ho, Xz, - - 


In this case the formula 


dim a = | (30) 


holds good, which is one of the most important formulae in 
mathematics. 


In order to prove this formula, we may suppose that all 
the values «, are positive, since, the value of the expression 


in « . 
ale ” does not change when we replace «, by — «,. Besides 


n 


. Tv P * 6 
we may consider that «, < oe for, in all cases, this is so 
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for sufficiently large values of 7. 


Hence, 


and then, by (29), 
tan «, > «, > sina, 


and dividing all the parts of the inequality by the positive 


quantity sin «,, we get, 
tn 


COS On Sin o, 
Taking the reciprocals of these quantities and reversing 
the inequalities, we get 


cot, < SUN ne 1, (31) 
6. 


As «, approaches zero (as it is easily seen from the 
figure) the cosine of this angle approaches unity : i. e. 


lim [cos «,] = l, 


sin Ln 


and since [by (31)], the fraction lies between 1 and 


COS &, it must also approach unity, which proves the 
formula (30). 


32°. Quadrature of sinusoid. We shall consider the 
curve having the equa- 
tion 

y = sin x. (32) 


Its graph is given in 
figure 24 and is called 
the sinusoid. 


We shall find the area of the figure enclosed by the part 
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of the sinusoid from x =0 tox = 7 and the x-axis (this 
being the shaded area in figure 24). 


To obtain this, as usual, divide the segment on the x-axis 
from x = 0 to x = z into n parts by the points 


ee: _2n AT 
ea oe 


and draw perpendiculars from these points to cut the sinusoid. 
The length of the perpendiculars is found from the equation 
(32) and are equal to 


. . In . 3x . nt 
sin—, sin*, sin=-—,..., sin 
4} n nN 


(the last of them is equal to zero). These perpendiculars 


divide the whole area intozn strips of width i . Assuming 
each of these strips as rectangles with base : m= and height 


(for the k-th strip), equal to sin Ks > we Shall have an approxi- 


mate expression for the area of the k-th strip 


This expression, on the basis of the formula (28) of article 


29°, putting « = > can be written as: 
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_ sin 7 sin Ane) * 
nr rr ae 
sin 5 
or (because sin + = | ) 
Sj (n+ Dr 
Fa. ai. (33) 

" sin —<- 

2n 


The exact expression for the given area is the limit of the 
right-hand-side of the equality (33) when n increases indefini- 
tely. This limit is found by the following consideration. 


Evidently 
In 2 TF On? 


so that this angle approaches —, and, therefore, as it is 
easily seen from the figure, the sine of this angle must approach 
unity : 

‘msin “4 ®. 2 

lim sin >” 1. (34) 


In the denominator angle «, = approaches zero and 


TT 
2n 
therefore, by the formula 30 of article 31°, 

lim({™ | \=timf2 2" |22 65 
mon nw foo sing, Jo (35) 
sin <— 
2n 


From (34) and (35) (by the theorem on the limit of a 
product), we finally find, 
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F = 2. 


So, the area, bounded by half the arc of the sinusoid 
and by half the chord is equal to 2. 


33°. Volume of the solid of revolution of the sinusoid. We 
shall assume that the sinusoid, as drawn in figure 24, revolves 
about the x-axis. We shail now find 
the volume V of the body, bounded 
by the surface formed by the 
revolution of half the arc of the 
sinusoid. 


In order to do this we shall draw 


Fig. 25. 


a plane through x = - perpen- 


dicular to the x-axis. Itis evident, this plane (Fig. 25) cuts 
the body into two equal parts; we shall find the volume V* 
of the left half of the given body. Divide the segment, on the 


axis of x, between x = O and x = 5 into nm equal parts, by the 


points, 


Xe=k 5 (A=1,2,...,n). 


7 
Draw planes through these points perpendicular to the x-axis. 
Considering the elementary layer lying between (k—1)-th and 
k-th planes as a cylinder of radius r, and height A = a , we 
find the elementary volume 


2 
Tw; kr 
V, -- mr = 35> sin? “5 


2n 2n ’ 
hence the toral volume of the left half of the body is appro- 
ximately equal to 
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The exact value for the volume is the limit of this 
expression when n increases indefinitely : 


| eke . kr 
—— 1 = 2 ~~ . 36 
J * lim 5 D | sin 9 ( ) 


To determine this limit we shall apply a method, 
which considerably shortens the calculation. 


The method is as follows : we shall consider side by side 
with the sinusoid (32), the curve, which is a graph of the 
function 


y = COS x. (37) 


Since 
t 
cos x = sin (x + 5 
we easily find that the curve (37) is the same as the 


sinusoid (32), but shifted along the x-axis to ~ on the 


2 
left (Fig. 26). 


Fig. 26 


We shall now suppose that we revolve this sinusoid about 
the x-axis. It is clear, that the volume of the body, formed by 
the revolution of the portion shaded in the figure 26, 1s equal to 
the volume of the left half of the original body (it exactly 
coincides with the volume of the right half of the given body). 


On the other hand, had we calculated this volume by the 
method of summation, then, evidently, we would have found 
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the limit, as in (36), by substituting all the sines by cosines 
1. e. we would have got 


n 
ys = = lim | Sa S cos” a . (38) 
k=1 


Thus the same quantity V* has been written in two 
ways : 


oF ry AE 
V im[ 5, sin? st |= im[3, 3 ¥ cos? a |. 


Adding both the expressions (which is, evidently, permissi- 
ble under the sign of limit), we get : 


2v* = lim | 5 S (or 5. + COs® kr oY | (39) 


sin’« + cos? « = 1, 


But 


so that each term in the sum (39) is equal to unity, and 
since the number of terms is 7, 


2 ~ 2 & 
+ — Jim] 7.n|=im(™ )e™ 
2V = tim] 3-7 | lim 3 
for the constant quantity is itself equal to its limit. 


The volume V* of the left half of the body can be found 
by dividing by 2, but since, we are, from the very begin- 
ning interested in the volume of the whole body, the 
result is 


V=2V*= .-, (40) 


So the volume of the body bounded by the surface, 
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formed by the revolution of half the arc about its chord is 


2 
equal to 5 . 


°34. Mean values. Let some quantity y take a finite 
number of values : 
Viy Va, V3 «+ + 9 Vn 


In this case, the Arithmetic Mean 


_ Vityot_.- + Tn 


Vx 1H 


of the number yz, is called the Mean Value of the quantity y. 
The usefulness of considering this value is in two of its 
properties. 


A. If all the values of the quantity y lie between the 
numbers m and M, then the mean value also lies between these 
numbers, i. e. if 


m<y. <M (k = 1, 2,..., 2), (41) 
MS Ya <M. 


then 


B. If all the values of the quantity y be equal to one and 
the same number /, then the mean value is also equal to that 
number. 


The property B is evident, and for the proof of the 
property A, we should add all the inequalities of (41), 
which gives, 


" 
nm & y yr S nM, 
k= 


and then divide this inequality by x. 


Along with the mean value y, of the quantity y, we 
often need the root mean square y* of this quantity. This 
mean is defined by the equality 
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2 2 Lowe 
yt = vf % + yz... EY. (42) 


hn 


In other words, the root mean square of the quantity y is 
the square root of the mean value of the quantity y’. 


It is easy to show that if each of the values of y is not 
negative, then their mean square possesses the properties 
A and B of the Arithmetic Mean. 


In fact, if 
Omcmey <M (A = 1,2,..., n), 


then 
m < yk <M? (k =1,2,...,7). 


Adding all these inequalities and dividing the result by n 
and taking the square root, we get, 


may* <M. 


which proves that y* possesses the property A. Property B 
is evident. 


In the case considered above the quantity y was given 
finite number of values. In many practical problems we have 
to consider quantities which change continuously. For the 
calculation of mean values of such quantities it is necessary 
to apply the method of summation of infinitesimals. We shall 
illustrate this by an example in physics. 


35°. The effective strength of a current. We _ shall 
consider a variable sinusoidal current 


T= Asint, (43) 
where tis the time, J is the strength of the current and A 
a constant. At different times the quantity / has different 
values, its maximum value being A ; 

Tmax = A. (44) 
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In electrical engineering, the root mean square /, of the 
strength of the current for the time equal to the period of 
oscillation 7. e. for the interval ¢ —0 to ¢ = 2x, plays an impor- 
tant role. 


It is observed, that in measuring the strength of the 
current by an ammeter, it indicates the quantity /,. This 
quantity is called the effective strength. 


We shall now calculate /, for the current (43). 


For this we divide the interval of time from r = 0 to 
t = 2x into n small intervals by the points 


If the number n is very great, then it is possible to 
consider that for the time interval t,.., to f;, the strength of 
the current does not change and is approximately equal to its 
value at the moment f,, i.e. 

I, == A sin er k. 
H 

In other words, we assume that the current during the 
infinitesimal interval of time is constant. By this simplified 
assumption, the effective current strength will be equal to 


The real value of J, isthe limit of the right-hand-side of 
the equality (45) when n increases indefinitely : 


fom 
I, = lim A. a/v S sin? 77 k | 
Oy " 
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We shall find the limit of the expression under the 


Square-root,; 
: 1 ‘ +42 an 
im | > sin ‘ a (46) 


This can be done easily as follows : 


Let us suppose, we wish to find the volume of the body 
formed by the revolution of one wave of the sinusoid 
(32) about the x-axis. If we apply the method of summation 
of the infinitesimals, then repeating the process of article 33°, 
we find this volume in the form: 


n 

. 2x? 5 KT 

lim |: S sin’ n |. 
k =1 

On the other hand, this volume is, evidently, twice as 

much as the volume of the body described by the revolution 


of the semi-arc of the sinusoid 7. e. the required volume is 
equal to x”. Hence 


n 
. an? 9 2kr 4 
lim [ 1 >) siné = ] = 7, (47) 


It is easily seen that the limit (46) is derived from the 
limit (47) by dividing by 27°; 7. e. 


1 
I. — A a/ 4. (48) 


approaches the limit a, then «/ x, approaches 4/ a. 
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If we compare the formulae (48) and (44), we see that 
Imax — I. V2, 


i. e. the maximum strength of the current is approximately 
one and a half times greater than that indicated by the 
ammeter. 


EXERCISES 


We give here a few problems in the methods discussed. 
We advise the readers to work out these exercises. Newton 
has rightly said “In Mathematics, examples are more useful 
than the rules”’. 


1) Findthe sum 


n (n+ 1) (2n+1) (3n’+3n—1) 


Answer S, == 30 


2) Find the area of the right-angled triangle by the method 
of summation. 


3) Find the area bounded by the x-axis, the curve y — x? 
and the straight line x =1. 
Answer 1 
4: 


n 
4) Find lim | 1 Svat-k }ohen n increases indefinitely 
k=1 
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Hint : determine the area of one quarter of a circle by 
the summation of rectangular strips. 


x 
Answer 4: 


5) Proceeding from the result of the previous question, 
find the volume of a cylinder, dividing it into rectangular strips 
as shown in figure 9. 


6) Find the pressure of water on the walls of a cylindri- 


cal glass vessel. 
Answer P = xRH’. 


7) Find the work done in pumping out water from a 
conical vessel whose base is horizontal and lies below the 
vertex. 


Answer T= 4 TRH’, 
8) Find the volume of an ellipsoid of revolution by 


direct calculation without any reference to the principle of 
Cavalieri. 


9) Find the volume of ellipsoid formed by the revolution 
of the ellipse about the y-axis. 


Answer V = a na’b. 
10) How much work is done in pumping out water 
from a hemisphere placed on its diametrical plane. 


Answer T = . — wR, 


11) Find the pressure of water on the walls of a 
prismatic vessel of height H with the perimeter of the base 
equal to p. 


Answer P = - pH’. 
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12) On the basis of the result of exercise 1, find the 
volume of a body bounded by the surface formed by 
the revolution of the parabola y= ax? about x-axis 
and the plane perpendicular to the x-axis at a distance / 
from the origin 


Answer. V =: nah. 


ul 


13) Find the limit 
lim Es 5 ke | 
k—1 


when » increases indefinitely (p is a natural number). 


] 
Answer, D4 +4° 
14) Find the limit 


mE V8 


when n” increases indefinitely. 


Hint: find the area of the curvilinear triangle OOM 
(Fig. 19), dividing it into strips parallel to x-axis. 


Answer. 7 
15) Find the sum 


l 


S = Ycos ka. 
k=] 
sin onthe \ 
Answer, S = —————-— — <=, 
2 sin > 


16) Making use of the preceding result, find the area 

F of the figure bounded by the curve y = cos x and the axes 
of co-ordinates. 

Answer. F = 1. 


